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Let (Q, Z, p) be a finite measure space and X a separable Banach space. 
We characterize the linear isometries of D(Q, X) onto itself for 1 < p < to, 
p # 2 under the condition that X is not the F-direct sum of two nonzero spaces 
(for the same p). It is shown that T is such an isometry if and only if (Tf)(*) = 
S(.) h(.)(@( f ))(.), where @ is a set isomorphism of 2 onto itself, S is a strongly 
measurable operator-valued map such that S(t) is a.e. an isometry of X onto 
itself, and h is a scalar function which is related to @. It is further shown that 
for a big class of measure spaces (perhaps all nontrivial ones) the condition on X 
is also a necessary condition for the above conclusion to hold. In the case when X 
is a Hilbert space the injectiwe isometries ofLP(Q, X) are also characterized. They 
have the same form as above, except that @ and S(t) are not necessarily onto. 
1. INTRODUCTION 
The isometries of LP[O, I], 1 < p < co, p # 2 were determined by Banach 
[l, p. 1781. In that case every isometry T is of the form (Tf)(.) = u(.)f($(*)), 
where u is a fixed function and 4 is a Bore1 measurable mapping of [0, I] onto 
itself. Lamperti [8] determined the isometries of D’(Q) for any o-finite measure 
space (Q, Z, p), and Cambern [4] determined the surjective isometries of 
LP(G, K) for a separable Hilbert space K. These results differ from Banach’s 
only in as much as 4 is replaced by a set isomorphism @ of Z, and in the case 
of Lp(l2, K), the function u is replaced by an operator-valued function. 
Here we investigate the injective isometries of Lp(Q, K) and the surjective 
isometries of LP(Q, X) where X is a separable Banach space. We show that 
every such an isometry is of the form described above provided that X is not an 
P-direct sum of two nonzero spaces (for the same p). This condition is also 
necessary for our conclusion to hold in the case (Q, 2, p) admits a set isomorph- 
ism @ different from the identity. We do not know whether every nontrivial 
measure space has this property. 
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In what follows X will be a complex separable Banach space. The algebra of 
bounded linear operators will be denoted by 9(X). We will assume that the 
measure space (Q, Z, p) is finite. For results and terminology on vector valued 
functions we refer to [5, Chapter IIlJ. 
For any subset 8 of Q, the complement of 6 will be denoted by 6’. Elements 
of Z will be called measurable sets. The support of a functionf will be denoted 
by suppf. The constant function with value x everywhere will be denoted by x. 
The norm is both X and D(Q, x) will be denoted by I/ . (1. It should be noted 
that jjf(.)/l means the function g defined by g(t) = ijf(t)ji, while ijfll means the 
norm off in D(sZ, X). 
The results of this paper were announced in [lo]. 
2. SET HOMOMORPHISMS 
(2.1) DEFINITION. By a set homomorphism @ of the measure space (52, .Z, cc) 
we mean a map of Z into itself, defined modulo null sets, such that 
(i) Q(8) = Q(Q) - Q(6) 8E.z 
(ii) @(UZL S,) = UL WJ. 
Furthermore, @ is called a set isomorphism if it satisfies the additional condition: 
(iii) ~(@(a)) = 0 if and only if p(S) = 0. 
If @ is a set homomorphism, then there is a maximal set Q,, E Z for which 
@(Q,) is a null set. The set Q, is maximal in the sense that if @(sZ,) is a null set, 
then .Q,/Q, is a null set. The existence of s&, follows from Zorn’s lemma since if 
(Sz,} is an increasing chain of sets for which p(@(Jz,)) = 0 then there are only 
countably many essentially different sZ,‘s and hence p(@(& Sz,)) = 0. This set 
51, is called the kernel of @. We notice that @ restricted to subsets of !J - Sz, is 
a set isomorphism. 
Given a set homomorphism @ we give an induced transformation on X-valued 
measurable functions. If u E 2 and x E X, let @(x$x> = x~(~)x where x0 is the 
characteristic function of u. This is extended linearly to simple functions. Let f 
be an X-valued measurable function and {fn} b e a sequence of simple functions 
converging to f in measure. 
(2.2) LEMMA. @(f,J is a Catchy sequence in measure and hence converges in 
measure to a measurable function @(f ). Furthermore @z(f) depends only on f 
and not on the particular sequence {fn}. 
Proof. It is easy to see that 
it: II @(fn)(t) - @(f&)ll > 4 = @{t: II f$) -f&)11 > a}. 
580/30/2-10 
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We also note that the measure p(@( .)) is absolutely continuous with respect to p 
and hence is p-continuous [5, p. 1131, i.e., given E > 0, there is an 77 > 0 such 
that p(@(u)) < E whenever CL(U) < 7. Let oi > 0 and choose n, such that 
thus At: II - (@(f,,J)(t)ll > 4 < E for n, m 2 no, and P(fn)> is a 
Cauchy sequence in measure and hence converges in measure [5, p. 14.51 to a 
function which will be denoted by Q(f). 
To show that Q(f) is well-defined, it is enough to show that if {fn) is a 
sequence of simple functions such that fn + 0 in measure and @(fn) -+ g in 
measure, then g = 0. By taking a subsequence if necessary, we may assume that 
{fn} and {@(fn)> coverge almost uniformly [5, p. 1451. Given E > 0, let 7 be as 
above and choose a set So E Z such that ~(8~) < 77 and fn + 0 uniformly on 
D - S, . It is immediate to see that @(fJ + 0 uniformly on (D(Q) - 0(6,) and 
A@(~,)> < E. Thus @(fn) + 0 almost uniformly on Q(S) and hence g = 0 a.e. 
on Q(Q). But (P(JJ = 0 on Sz - @i(Q), hence g = 0 a.e. This ends the proof 
of the lemma. 
(2.3) LEMMA. @(~~f(-)jl) = // @(f)(.)ii for every meusurabZe function f. 
Proof. We recall that 11 f (.)I/ denotes the scalar function g defined by g(t) = 
/If (t)ll for all t E 9. The result is immediate for simple functions and thus holds 
for all measurable functions since if fn + f in measure, then /I frt(.)lj --f /if (.)/I 
in measure. 
If @ is a set homomorphism and if Sz, is its kernel, define a measure v by 
44 = /4~1w\Qon,) u E z. (2.1) 
We note that @-r(6) is not unique, but SP-r(a)\Qo is unique up to a null set. The 
measure v is absolutely continuous with respect to CL. Let 
h = (dv/du)‘l”. (2.2) 
(2.4) LEMMA. 1ff~P(J2, x), then h@(f) cLp(Q, X) and I/ h@( f )I1 < II f /I. 
Equality holds for all f if and only if @ is a set isomorphism. 
Proof. Let 0, be the kernel of @, x0 its characteristic function. Iff E L”(Q, X), 
let f. = xof, fi = f - f. , g(s) = Ilf (.)I1 and gd.1 = lIfi(*N Since g and gl E 
LP(Q) and @ restricted to Q - Sz, is a set isomorphism, then 11 h@(g,)l] = II g, /I 
by Lamberti’s result [8]. Thus Lemma 2.3 gives Ij h@(fi)ll = [I fi 11 and hence the 
result follows since @(fo) = 0. 
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3. A GENERAL SETTING 
(3.1) THEOREM. Let T be a bounded operator on LP(Q, X), 1 < p < CO. If T 
maps function of (almost) disjoint support into functions of (almost) disjoint support, 
then there is a set homomorphism Cp of Z and a strongly measurable map A of Q into 
B(X) such that 
(TO(.) = A(.)(@(f))(.) 
for every f 6 Lp(O, x). 
Proof. Let {e,} be a countable linearly independent subset of X whose linear 
span 9 is dense in X and let B0 be the set of all linear combinations of (e,} with 
complex rational coefficients. Let T satisfy the hypothesis of the theorem. 
For every CJ E 2, let 
Q(u) = U wp(T(xo4 
n 
Now if u and 6 are disjoint sets, then T(x,e,) and T(xse,,) are almost disjoint 
for every n and m, hence Q(u) and 0(S) are almost disjoint. The equation 
T(xOe,) + T(X,e,) = T(XoU6en) implies that @(u u 6) = B(u) u Q(6) to within 
a null set, and the extension to countable unions of disjoint sets follow from the 
continuity of T. The extension to countable unions of any sets is then immediate, 
so that @ is a set-homomorphism. 
Let Q, be the kernel of @. We note that the null space of T is the space of 
functions vanishing (a.e.) on q . Thus @ is a set-isomorphism if and only if T 
is one-to-one. 
Let Y and h be as in (2.1) and (2.2). W e can take h(t) > 0 for every t E Q(Q) 
and h(t) = 0 for every t $ D(Q). Let fn = T(e,); we will assume that a specific 
function fn (rather than an equivalence class) has been chosen. We may also 
assume that fJt) = 0 for all n and all t $ a(Q). Now for every t E Q, let 
40 e, = fdt), 
and extend A(t) linearly to 9, thus A(t)& &eJ = & Aifi(t) and hence for 
every y E 9, A(.) y = T(y) a.e. 
We will now extend A(t) to a bounded operator on X. Let 6 E 22, 6, = 6\Q, , 
and y E 2a , then 
s,,, 11 A(t)Y 11’ 44) = j- X0(8) Il(%‘)(t)llS 44) 
= s /I T(xsyWllp 44) = 11 T(X8,3911” 
G II T II9 PW II Y IP’ 
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Therefore ,[ A(t) y Ij < (1 T 11 I(y i( 1 h(t)1 for almost all t E @(a). The same 
inequality holds trivially for t $ Q(Q). H ence there is a null set 6, such that 
II 4)~ II < il Tll I/Y II 4) for y E 9s , t ?J 6”. (*) 
The same inequality holds for all y E 9 for if y = CT=r hiei , and Xn is the linear 
span of e, ,.,., e, , then the restriction of A(t) to X, is a linear map between 
two finite dimensional spaces and hence is bounded, further its norm is 
<I! Tl/h(t)since9snX,isdenseinX,. This establishes (*) for ally E 9 and 
hence A(t) can be extended to a bounded linear operator on X and /j A(t)11 < 
II T II h(t) for t 4 6,. 
Next we will show that A(.) is strongly measurable. Let x E X and {x~} C9 
with x, + s. Since A(.& = T(x,) a.e., we conclude from the continuity of 
almost all A(t) and of T that A(.)x = T(x) and hence is measurable. 
Now let ( TIf)( .) = A(.)(@(f))(.), then 
< I/ T /lp / (Wp 1IPP(f)&)ll” &(t) 
< 11 T lip Ilfli” by Lemma 2.4. 
Thus TJ E LP(Q, X) and TI is a bounded linear operator on LP(Q, X). We have 
already proved that TI agrees with T on constant functions but T(x~) = 
x0(0) T(x) = A(.) x@(~)x = T,(x,p); thus T agrees with TI on simple functions 
and hence T, = T. This ends the proof of the theorem. 
(3.2) COROLLARY. Let T, 0, A, and h be as in Theorem (3.1). Then T is an 
isometry if and only if 
(i) @ is a set isomorphism of 2 into itself, 
(ii) A(t) = S(t) h(t) whereS(t) zs an isometry of X into itself for almost all t. 
Furthermore T is onto if and o&y if CD and almost all S(t) are onto. 
Proof. If (i) and (ii) are satisfied then Lemma 2.4 implies that T is an 
isometry. Now assume that T is an isometry, then T is one-to-one and hence 52, , 
the kernel of @, is a p-null set, thus (i). Let S(t) = A(t)/h(t) for t E (P(D) and 
S(t) = I otherwise. If 6 E ~7, and f  = xg, then the condition that /I Tf 11 = 11 f  I/ 
implies that 
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Since this is true for every 6, we get jJ S(t)x /I = I/ x 11 for almost all t E Q(Q), 
this is also trivially true for t $ D(9). 
Now let (x,} be a countable dense set in X and let 6, be a null set such that 
II w% II = II % II f or all n and all t $6, . The boundedness of s(t) implies that 
\/ S(t)% /I = I\ x /I for all x and almost all t. This proves (ii). 
Now assume that @ and almost all s(t) are onto and let TJ = h(*)(@(f))(*) 
and T,F = S(.)f(.). It is easy to see that both TI and T, and hence T are 
surjective. 
On the other hand if T is surjective, then CD is obviously onto. The operator 
T, must be surjective, in particular the functions x, E T,(LP). Therefore there 
are functions fn E LP(Q, x) and a null set (T,, such that S(t)fJt) = x, for all 
t $ u,, . Therefore 52 C s(t)X for t $6 a,, , but s(t) is an isometry, hence has a 
closed range, i.e., s(t)X = X for almost all t E ~2. 
4. HERMITIAN OPERATORS ON Lp(s2, X) 
If X is a Banach space and [., -1 is a semi-inner-product (s.i.p.) compatible 
with the norm, then the numerical range of an operator T is the set W(T) = 
{[TX, x]: 11 x jJ = l} (see [3]). A n o era p t or is said to be bmitian if its numerical 
range is a subset of the real line. It is known that this property depends only on 
the norm and not on the particular s.i.p. (see [3]). It is always possible to find a 
homogeneous s.i.p. compatible with the norm, i.e., [x, Xy] = x[x, y] for x, y E X 
and complex numbers X. All semi-inner-products considered here are assumed 
to be homogeneous. In this section we characterize the hermitian operators on 
LP(Q, X), 1 < p -c 00, p # 2. 
(4.1) LEMMA. Let Y be a Banach space, [., .] a semi-inner-product compatible 
with the norm, 9 a dense subset of Y, and T E a(Y). Then T is hermitian if and 
only if { [ Ty, y] : y E 9} is real. 
Proof. We note that the set 9i = {y/II y 11:~ E 9, y # 0) is dense in the 
unit sphere of Y. The result follows from [3, p. 831 and the fact that the s.i.p. 
is homogeneous. 
(4.2) THEOREM. An operator H on LP(Q, X), 1 < p < co, p # 2, is hermitian 
if and only if (Hf)( .) = A( *) f (.) for a hermitian valued strongly measurable 
map A of l2 into B(X). 
Proof. Let [*, a] be a fixed homogeneous .i.p. on X. If g is a simple function 
in Lp(X), let 
II ml”-” 
g*(f) = s, ,, g l,p--2 [f(t), &)I 44) f ELP(Q X). 
282 A. R. SOUROUR 
It is easy to see that the integrand is a measurable function and that g* is a 
linear functional onD(O, X) with /I g* I/ = 11 g /I, g*(g) = 11 g II2 and (hg)* = ;\g*. 
Therefore there is a homogeneous s.i.p. (., .) on ,P(.Q, X) such that (f, g> = 
g*(f) forfED’(S2, X) andg a simple function. We note that in general [f(t),g(t)] 
may not be measurable for allf and g EL*(Q, X) and so the formula for g* does 
not extend to any arbitrary g. 
Now assume that H is a hermitian operator on D(sZ, X), and let c1 and o2 be 
disjoint sets in .Z, xi and x2 any nonzero vectors in X, andf, = xOixi , i = 1,2. 
The condition that (H(fr + .@fi), fr + eief2) is real for all real 6 implies that 
Ii $1 lip--2 .C,, [(WA(t), x11 4(t) = ii x2 P2 1 F%)(t), 4 02 
Replacing x2 by 2x, and noting that p # 2, we conclude that 
v%)(t)~ x21 44) = 0. 
44th 
Since u2 is an arbitrary measurable subset of u; and x2 is arbitrary, then Hf 
vanishes (a.e.) on cr; . This implies that supp(Hf) C suppf (a.e.) for all simple 
functions f and hence for all f EL*@, x). Th eorem 3.1 implies that (Hf)(.) = 
4.)(@(f))(.). F urt h ermore CD(U) C u and hence it can be shown that CD(U) = 
u n Q, for some Sz, E 2. For if Qn, = @(Q), then Q(u) C u n Q, and t&u') C 
U' n On,, but @P(U) u @(u’) = Sz, and hence a(u) = u n IR, a.e. Thus @(f) = xf 
where x is the characteristic function of Q1 , thus (Hf)( .) = A( .)f( .) for a strongly 
measurable map A(.) of D into g(X). 
We now show that A(t) is hermitian for almost all t E Q. Let x E X, 6 E Z, and 
f = xg, then 
is real. This is true for every 6 E C, thus [A(t)x, x] is real (a.e.). Now let 9 be a 
countable dense subset of X and 6, a null set such that [A(t) y, y] is real for 
every y 6 58 and every t $6, . Lemma 4.1 implies that A(t) is hermitian for 
every t $6, . This proves the “only if” part of the theorem. 
The converse follows easily by showing that if H is of the given form, then 
(Hf, f) is real for simple functions f, and then applying Lemma 4.1. 
(4.3) Remarks. The hermitian operators of the scalar-valued Lp(sZ) are given 
in [9], [ll], and [6], and the hermitian operators of P(Q, X) for an atomic 
measure space follow from results in [2]. 
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5. THE ISOMETRIES 
We begin by characterizing all the isometries of Lr(Q, K) into itself for a 
separable Hilbert space K. 
(5.1) T HEOREM. An operator T on Lp(Q, K), 1 < p < co, p # 2 is an 
isometry ofL”(O, K) into itself, f or a separable Hilbert space K, ;fand only if 
Vf K-1 = SC-1 N.P(f M-h 
where @ is a set isomorphism of the measure space, S is a strongly measurable map 
of Q into g!(K) such that S(t) is an isometry of K into itself for almost all t E $2, 
and h = (dv/dp)l/P where v(.) = p(@-l(.)). 
Proof. The proof of the “if” part is immediate. Now if T is an isometry, 
then Lemma 2 of [4] implies that T maps functions of almost disjoint support 
into functions of almost disjoint support, and hence Theorem 3.1 and Corollary 
3.2 imply that T is of the desired form. 
We now turn to the case of Lr(Q, X) for a separable Banach space X. We say 
that X is the P-direct sum of two Banach spaces X, and Xa if X is isometrically 
isomorphic to X, 0, Xa where the norm on the direct sum is given by 
II Xl 0 x2 II = {II ~1lP + II x2 IIpI1’p* 
(5.2) THEOREM. Let T be an operator on L*(S, X), 1 < p < co, p # 2 and 
assume that Xis not the &direct sum of two nonzero Banach spaces (for the samep). 
Then T is a subjective isometry if and only if 
Kf>(*> = St.1 Y-)(@(f ))(-) f  ELp(Q, X)9 
where @ is a set isomorphism of the measure space onto itself, S is a strongly 
measurable map of 52 into 9(X) with S(t) a surjective isometry of X for almost all 
t E 9, and h = (du/dp)l/p where v(*) = p(@-l(.)). 
Proof. If Tisofthegivenform,let(T,f)(.) = h(*)(@(f))(.)and(T,f)(.) = 
S(.) f  (-), then T = T,T, . That T, is an isometry of LP(Q, x) onto itself is 
immediate. Lemma 2.4 implies that TI is norm-preserving. To prove that TI is 
onto, it is enough to do that for the scalar-valued case since this implies that the 
range of TI contains {g(*)x: g E Lp(sZ), x E x) which is dense in Lr(sZ, X). The 
scalar-valued case can be proved by showing that 0 is the only function in 
Lq(sZ), 1 /p + 1 /q = 1, which annihilates (h( .) @(f(e)): f  E L*(Q)}. 
Now let T be an isometry of LP(O, X) onto itself. It follows that THT-l is 
hermitian whenever H is, for (Tf, Tg) is a s.i.p. compatible with the norm on 
Lp(Q, X). Now let 6 E ,Z and define HI by (Hlf)(-) = xsf, thus TH,T-f is a 
hermitian projection. Theorem 4.2 implies that 
W&T-?!I(.) = PC.1 f(e) f EL”&‘, X) 
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where P(t) is a hermitian projection for almost all t E Q. Therefore 
and 
(T(xsgN(*) = P(.)G%)(.), g EL”(Q, 4 
V’(xs~gN(-) = Q(~)(Tg)(.h g EL”@, w 
where Q(t) = I - P(t). Let k’r and As be the subspaces of functions in 
LP(Q, X) vanishing on 8’ and 6 respectively, Jv; = {P( .)f( .): f EI,P(SZ, X)} and 
X2 = {Q(*)f(.):f~Lp(!2, X)}. Th ere ore f TJ%‘~ = 4 for i = 1,2. Since 
llfr +fs II9 = IIf1 /lP + llfs Ilp for any& EJ%‘~ and fi ~~6’s) the same holds for 
any fi E x1 and fi E Ns . For any x E X and u E Z, let fi(.) = P(e) x,,(.)x and 
fi(-) = Q(e) x0(.)x, thus fi E 4 and 
1 II P(t)x lip 44) + $ II QW IV 4.4) = f II x lip Wj. 0 f7 0 
Since this is true for any o E .?Y, we conclude that 
II x Ilp = II W)x Ilp + II QW IIp a-e. 
Therefore there is a null set u,, such that the above equality holds for all t $ u0 
and all x in a countable dense set, and a standard argument implies the same for 
t $ o,, and all x E X. Thus X is a the P-direct sum of P(t)X and Q(t)X, and 
hence for almost all t, P(t) = 0 or I, i.e., P(s) = x&(*)1 a.e. for some e E Z. 
Thus T maps A1 onto the space of functions which (almost) vanish on e’ and 
maps A’s onto the space of functions which (almost) vanish on e. It follows by 
Theorem 3.1 and Corollary 3.2 that T is of the required form 
(5.3) THEOREM. Let (fi, Z: p) b e a separable measure space which does not 
consist entirely of a single atom. Then the condition that X is not an &direct sum 
is a necessary (as well as a suficient) condition for the conclusion of Theorem 5.1 
to hold. 
Proof. We note that the measure space admits a set isomorphism cI$ of Z 
onto itself which is different from the identity. This is immediate if there are at 
least two atoms. Otherwise the continuous part is isomorphic to the measure 
space of an interval with Lebesgue measure (see [7, p. 173]), and hence admits 
such a @+, . 
If X = X, 0, X, , then P(sZ, X) = LP(S2, Xl) 0, Lp(G, X,). Define T by: 
T(f, Ofi) = fi 0 %(fi) for fi EL~(SZ, Xi), i = 1,2. 
It is straightforward to verify that T is an isometry of L*(sZ, X) onto itself but 
is not of the form given in Theorem 5.1. 
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(5.4) Remarks. (i) Th eorem 5.3 is valid for measure spaces which admit a 
set isomorphism different from the identity. We know of no measure space 
which does not have this property except the trivial one, i.e., which consists 
entirely of a single atom. 
(ii) We assume the measure space is finite, but our results are valid for 
u-finite measure spaces as can be shown by slight modifications of the proofs. 
(iii) We do not know whether the isometries of U’(Q, X) into itself are of 
the same form. The idea of using the hermitian operators to obtain the isometries, 
first used by Lumer [9], yields only the surjective isometries. 
Note. It was brought to the author’s attention that R. J. Fleming and J. E. 
Jamison used arguments similar to ours in their paper “Classes of operators on 
vector valued integration spaces,” J. Australian Math. Sot., to appear. They 
obtained our Theorem 4.2 when X is a Hilbert space and used that to give a 
proof of Cambern’s result. 
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